Abstract In this paper we use the asymptotic expansions of the binomial coefficients and the weights of the L1 approximation to obtain approximations of order 2−α and second-order approximations of the Caputo derivative by modifying the weights of the shifted Grünwald-Letnikov difference approximation and the L1 approximation of the Caputo derivative. A modification of the shifted Grünwald-Letnikov approximation is obtained which allows secondorder numerical solutions of fractional differential equations with arbitrary values of the solutions and their first derivatives at the initial point.
Introduction
The Caputo and Riemann-Liouville fractional derivatives are the two main approaches for generalizing the integer order derivatives. When 0 < α < 1 the Caputo and Riemann-Liouville derivatives with a lower limit at the point zero are defined as y (α) (x) = D α y(x) = 1 Γ (1 − α) When the function y ∈ C 2 [0, x] and satisfies the condition y(0) = y ′ (0) = 0, the Grünwald-Letnikov approximation is a second-order approximation for the Caputo derivative at the point x − αh/2:
The weights w (α) k
= (−1)
k α k of the Grünwald-Letnikov approximation involve the binomial coefficients defined as:
The binomial coefficients satisfy the identities
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The weights of the Grünwald-Letnikov approximation are the coefficients of the binomial series of the function (1 − x) α and the coefficients of the right endpoint asymptotic expansion of the Grünwald-Letnikov approximation are equal to the coefficients of the series expansion of the function (1 − e −x ) α /x α at the point x = 0:
where B
(−α) k (x) are the generalized Bernoulli polynomials.When the function y ∈ C m [0, x] and satisfies the condition y (k) (0) = 0, for k = 0, 1, . . . , m, the Grünwald-Letnikov approximation has an asymptotic expansion of order m:
where y (k+α) (x) is the Caputo derivative of order k + α of the function y y (k+α) (x) = 1
The asymptotic expansion formula of the Grünwald-Letnikov approximation is obtained from the series expansion of the Fourier transform of the approximation. Lubich (1986) constructs higher-order approximations of the fractional derivative which are derived from the Fourier transform of the approximation and the properties of the generating function. Second-order and trird-order approximations of the Caputo and Riemann-Louville fractional derivatives related to the Grünwald-Letnikov difference approximation and their applications for numerical solution of fractional differential equations are studied in ( where σ
When the function y ∈ C 2 [0, x], the L1 approximation of the Caputo derivative has an accuracy O h 2−α . In (Dimitrov 2016 ) we obtain the second-order asymptotic expansion formula of the L1 approximation
and a second-order approximation of the Caputo derivative
where δ
When k > 2, the weights δ
of approximation (4) are equal to the weights of the L1 approximation and the first three weights are modified with the value of the zeta function at the point α − 1. The asymptotic expansions of order 2 + α of the weights of the Grünwald-Letnikov and the L1 approximations of the Caputo derivative are obtained from the binomial series expansion formula and the asymptotic formula for the gamma function:
The L1 approximation is constructed by approximating the first derivative by its value at the midpoint of an uniform grid. Gao . In the present paper we study the asymptotic properties of the weights of the Grünwald-Letnikov difference approximation and approximations of the Caputo derivative related to the Grünwald-Letnikov approximation. The approximations discussed in the paper are applied for construction of finite-difference schemes for numerical solution of ordinary fractional differential equations. The paper is organized as follows. In section 2 and section 3 we construct approximations of the Caputo derivative which are obtained from the shifted Grünwald-Letnikov approximation and the L1 approximation of the Caputo derivative by replacing the weights whose index is greater than ⌈N/5⌉ with the first two terms of their asymptotic expansions formulas In section 4 we obtain the second-order shifted approximation of the Caputo derivative:
where γ
Approximation (5) is obtained from the Grünwald-Letnikov approximation by modifying the last two weights. While the Grünwald-Letnikov approximation is a second-order shifted approximation of the Caputo derivative for the functions y ∈ C 2 [0, x n ] which satisfy the condition y(0) = y ′ (0) = 0, approximation (5) is a second-order approximation of the Caputo derivative y
In section 5 we derive the expansion formulas of order 2 + α of the weights γ 2 Asymptotic expansion formula for binomial coefficients and shifted approximations for the Caputo derivative
The asymptotic expansion formula for the ratio of gamma functions is studied in (Tricomi and Erdélyi 1951) . The ratio of gamma functions satisfies:
The generalized Bernoulli polynomials B (α) m (x) are defined as the coefficients of the series expansion of the function e xt t α /(e t − 1)
From (6) with t := −α, s := 1 we obtain the asymptotic expansion formula for the weights of the Grünwald-Letnikov approximation (Elezović 2005 )
where (α + 1) (m) is the rising factorial
The generalized Bernoulli polynomial B (−α) 0 (−α) = 1 and
When α = 1 the generalized Bernoulli polynomials are equal to the Bernoulli polynomials. The gamma function satisfies the identity Γ (x + 1) = xΓ (x) and (−1)
of the Grünwald-Letnikov approximation have an asymptotic expansion of order M + α + 2
From (7) with M = 2 we obtain the asymptotic expansion of order 4 + α of the weights of the Grünwald-Letnikov approximation:
Now we construct a second-order shifted approximation of the Caputo derivative by replacing the weights of the Grünwald-Letnikov approximation which have an index k > ⌈N/5⌉ with the first two terms of expansion formula (8) .
In Theorem 1 we show that the approximation with weightsw (α) k is a secondorder shifted approximation of the Caputo derivative.
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The difference E N [y(x)] between approximation (9) and the Grünwald-Letnikov approximation satisfies the estimate:
The function 1/x 3+α is decreasing and
From the triangle inequality
From (1) and (10) 1
⊓ ⊔
The result of Theorem 1 can be generalized to the approximations for the Caputo derivative which are obtained from any approximation by modifying the weights which have an index greater than ⌈N/p⌉ with the first terms of their expansion formulas, where p is a positive number. When the function y ∈ C 2 [0, x n ] and satisfies the condition y(0) = y ′ (0) = 0 the Grünwald-Letnikov approximation has a second-order expansion formula:
In (Dimitrov 2018) we derive the expansion formula for the right endpoint of the approximation for the Caputo derivative which has weights
When the function y ∈ C 2 [0, x] and satisfies the condition y(0) = y ′ (0) = 0, the approximation has an asymptotic expansion of order 3 − α
Expansion formula (12) is obtained by applying formal integration by parts to the fractional integral in the definition of the Caputo derivative and a Fourier transform to the approximation. The expansion formula for the left endpoint of approximation (12) is obtained from the Euler-Mclaurin formula for the function y(t)/(x − t) 1+α . By substituting α := α + 1 in (12) we obtain
By multiplying (13) by −α/2 and adding to (12) we obtain
By substituting y (14) we obtain
From (15) we obtain the shifted approximation for the Caputo derivative of order 2 − α:
where By substituting y
in (14) we obtain the shifted approximation for the Caputo derivative:
where
When the function y ∈ C 2 [0, x n ] and satisfies the condition y(0) = y ′ (0) = 0 approximation (17) is a second-order approximation for the Caputo derivative at the point x n − αh/2. The weights of approximation (17) are equal to the first two terms in the expansion formula of (−1) k α k for k ≥ 3. The first two terms of the second-order asymptotic expansion of the Grünwald-Letnikov approximation are equal to the first two terms of the expansion of order 3 − α of approximation (17).
Expansion formula for the weights of the L1 approximation
From the binomial formula:
Similarly
From (18) and (19) (k−1)
The weights σ 
The last weight σ (α) n of the L1 approximation (2) satisfies
Similarly to the construction of approximation (9) we use asymptotic expansion formulas (20) and (21) to obtain approximations of the Caputo derivative by modifying the weights σ (α) k of the L1 approximation and the second order approximation (4) when k > ⌈N/5⌉.
whereσ
When n ≤ ⌈N/5⌉ the last weightσ (α) n of approximation (22) is equal to the last weight σ (α) n of the L1 approximation. When n > ⌈N/5⌉ the value of the weightσ (α) n is equal to the terms of expansion formula (21) 
From approximation (4) we obtain the second-order approximation of the Caputo derivative
where the weightsδ
for k ≥ 3 are defined with (23), (24) and δ
When the function y ∈ C 2 [0, x n ], approximations (22) and (25) have accuracy O h 2−α and O h 2 . The proof is similar to the proof of Theorem 1. The fractional integral of order α > 0 is defined as
The fractional integral I α y(x) is the fractional derivative of the function y(x) of order −α. The Riemann sum approximation of the fractional integral has an expansion of order 1 + α
when y(0) = 0. From the approximations discussed in the paper and other approximations for the fractional derivatives and integrals we observe that the weights of the approximation h 
Shifted Grünwald-Letnikov difference approximation
In this section we use the method from (Dimitrov 2018 ) to derive an approximation (5) for the Caputo derivative, which is obtained from the Grünwald-Letnikov approximation by modifying the last two weights. Approximation (5) is a second-order shifted approximation for the Caputo derivative y 
The function z(x) satisfies the condition
The Caputo derivative of the functions y and z satisfies
Asymptotic expansions and approximations for the Caputo derivative
,
In Lemma 2 we show that
From (26), the Grünwald-Letnikov approximation satisfies:
By substituting hy
Denote byĀ
GL N [y(x)] the approximation of the Caputo derivativē
is obtained from the Grünwald-Letnikov approximation by modifying the last two weights.
By induction we can show that the weights of the Grünwald-Letnikov approximation satisfy the identities (Podlubny 1999)
From (27), (28) and (29)
Hence
The weight γ (α)
N of satisfies
From the properties of the binomial coefficients
The weight γ
] is a second-order shifted approximation for the Caputo derivative, when the function y ∈ C 2 [0,
Asymptotic expansion formulas
In this section we obtain the asymptotic expansions of W (30), and we construct an approximation of the Caputo derivative by modifying the weights of approximation (30) which have an index greater than ⌈N/5⌉ with the first terms of their asymptotic expansions.
Lemma 2
Proof From expansion formula (8) 
From the binomial formula
By substituting α := α + 1 and α := α + 2 in (32) we obtain
From (31), (32) and (33) the weight w (α−1)
n has an asymptotic expansion
From (34) with α := α − 1
⊓ ⊔
In the Lemma 3 we use the expansion formulas of W 
From (8) with n := n − 1
Now we construct a second-order approximation of the Caputo derivative at the point x n − αh/2 by replacing the weights γ (α) k of approximation (30) which have an index k > ⌈N/5⌉ with the first terms of their expansion formulas (8), (35) and (36):
When n ≤ ⌈N/5⌉ the weights of approximation (37) are equal to the weights of approximation (30):γ
When n > ⌈N/5⌉ the weightsγ
Numerical results
The fractional relaxation equation is a two-term ordinary fractional differential equation, where 0 < α < 1:
From (2) with n = 1 we obtain an approximation of order 2 − α for the Caputo derivative at the point at x = h: By approximating the Caputo derivative in equation (38) with (39) we obtain
The number y 1 is a second order approximation for the value of the solution of equation (38) at x = h. Suppose that
is an approximation of the Caputo derivative of order β, where β ≤ 2. In (Dimitrov 2016) we obtain the numerical solution of equation (38) on the interval [0, 1] which uses approximation (*) for the Caputo derivative.
is a second-order shifted approximation of the Caputo derivative with a shift parameter −αh/2. In (Dimitrov 2014) we show that the numerical solution of equation (38) which uses approximation (**) of the Caputo derivative is computed with u 0 = y 0 , u 1 = y 1 and
(NS2(**)) Example 1:
Equation (40) Table 1 . The numerical results for the error and the order of numerical solution NS2(16) of order 2 − α and the second-order numerical solution NS2(17) of equation (40) are presented in Table 2 and Table 3 . The exponential function has a Caputo derivative
, where
. The sine and cosine functions have Caputo derivatives Table 3 Maximum error and order of numerical solution NS2(17) of equation (40) when α = 0.2, α = 0.5 and α = 0.9. The digamma function is the logarithmic derivative of the gamma function
The digamma function satisfies:
where H n = n k=1 1 k is the n-th harmonic number and γ = 0.5772 . . . is the Euler-Mascheroni constant. The Caputo derivative of order α of the function y(x) = x 3 ln x satisfies
Example 2:
Equation (48) has an exact solution y(x) = sin x + cos x + x 3 ln x. The solution satisfies y(0) = y ′ (0) = 1. The numerical results for the error and the order of numerical solution NS1(22) of order 2 − α and second-order numerical solutions NS2 (25) , NS2(30), NS2(37) of equation (48) are presented in Table 4,  Table 5, Table 6 and Table 7 . Numerical solution NS4(**) of the system of fractional differential equations (42) has initial conditions u 0 = y 0 , u 1 = u 1 , v 0 = z 0 , v 1 = v 1 . The numbers u n and v n are computed with:
The numerical results for the error and the order of second-order numerical solutions NS4 (30) and NS4(37) of the solution y(x) of the system of fractional differential equations (48) are presented in Table 10 and Table 11 . 
Conclusions
In the present paper we showed that the properties of the approximations of the Caputo derivative are preserved when the weights with an index greater than ⌈N/p⌉ are replaced by the first terms of their asymptotic expansions, where p is a positive number. In section 4 we obtained an approximation (5) of the Caputo derivative by modifying the last two weights of the Grünwald-Letnikov approximation. Approximation (5) is a second-order shifted approximation for the Caputo derivative for all functions y ∈ C 2 [0, x]. In future work we are going to apply the methods and the approximations of the Caputo derivative discussed in the paper for numerical solution of fractional differential equations with singular and non-singular solutions.
